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Attached i s  a u s e f u l  compendium of g raphs ,  expar- 
s i o n s ,  p r o p e r t i e s  and i n t e g r a l s  of t h e  unnormalized asscc~ated 
rn 
Legendre f u n c t i o n s ,  denoted PR (x), f o r  lxl< - 1. The material 
which i s  new ( i . e . ,  n o t  a v a i l a b l e  from t h e  compendiums inel .xdet3 
i n  t h e  r e f e r e n c e s )  i s  
111 1 0  
1. Expressions f o r  P R (x) up t o  P10 . 
rn 1 0  2 .  Graphs of PR (x) up t o  P10 
rn C'i 3. Four i e r  decompositions of P ( s i n  e )  and Be ;ear-r‘ 
L 0 
R 
up t o  P10 . 
4 .  Leas t  upper bound in format ion ,  
5. Der iva t ives  of s o l i d  s p h e r i c a l  harmonics. 
6 .  The i n t e g r a l s  Ia(e, i, n, j )  and J ( h ,  M I  m ) ,  
P 
The term "unnormalized" r e f e r s  t o  a p a r t i c u l a r  
rn 
convention i n  t h e  d e f i n i t i o n  of PR (x). The convention 
adopted i s  t h e  one used by B a t t i n  ( l 9 6 4 ) ,  Emde and 
Jahnke (1945) ,  Kaula (19661, and Korn and Korn (196k), 
a s  w e l l  a s  o t h e r s .  I t  d i f f e r s  by a normal iza t ion  f a c t o r  
from o t h e r  conventions i n  use.  
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Additional copies of this compendium are a v a i l & l e  
from the authors. Corrections and suggestions are solicited, 
Mrs. Sheryl Watson provided the graphs in Figures 1 
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UNNORMALI ZED ASSOCIATED LEGENDRE FUNCTIONS 
D e f i n i t i o n s ,  Func t iona l  Forms, and Graphs 
The a s soc i a t ed  Legendre func t ions  s a t i s f y  the  
d i f f e r e n t i a l  equa t ion  
I t  w i l l  be  assumed t h a t  R and m  a r e  n a t u r a l  numbers, O e i n  - - .cr R, 
and / x i l  1. With t h e s e  r e s t r i c t i o n s ,  t h e  unnormalized asso- 
c i a t e d  Lesendre func t ions  a r e  completely c h a r a c t e r i z e d  by 
m 2  m/2  dR+m (1-x u - P (x) = ,- R 2 L! GFii (x2-1) R O D R I G U E S '  
F O M U E A  
i n  which 
[b] - g r e a t e s t  i n t e g e r  i n  b 
When m=O t hese  so lu t ions  a r e  c a l l e d  Legendre's polynomials, 
denoted Pe (x)  . 
The d e f i n i t i o n s  above spec i fy  t h e  "unnormali zed" 
associa ted  Legendre funct ions ,  which a r e  used throughout 
t h i s  compendium. The formulas he re in  may be converted t o  
o the r  f a i r l y  common normalizations with the  following 
r e l a t i o n s :  
where 
pt; i s  common i n  t h e o r e t i c a l  physics 
1 I' gives value un i ty  f o r  2 
' t m  
( l a t i t u d e  normalization) 
'I1 gives value un i ty  f o r  
'ern 
m$p,ill (XI] 'dxd( (sphere 
normalization) 
gives value l/ ( 2 l + l )  for Plm 
2 I V  
-1 cos m ( [ ~ ~ ,  (x)]'dxd$ (another sphere 
normalization) , 
The unnormalized associated Legendre functions xp 
to P1O lo (x) are listed in Table 1 as functions of x. They 
are plotted in Figures 1 through 12. 
The functions pLm(sin 8 )  may be Fourier-decomposed 
with the following formula: 
min (X-m ,q+m) A?- MZ 
(L-m) even 
pem(sin 0 )  1 T"-* I* (R-m) odd L# 
p=max(rn-R,q-m) h = : g ]  by 2's by 2 ' s  by 2's 
where 
and 
, . h = {  o if L = even 
1 if X = odd 
[b] : greatest integer in b. 
These decompositions are given explicitly in Table 2 up to 
P10 lo (sin e )  . Table 2 also lists the Fourier decompositions 
m 
of PR (COS 8 )  up to P10 lo (cos 0 )  , which are related tc the 
m decompositions of P (sin 8 )  through the replacement of 6 by L 
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Zeros, Symmetry, and S p e c i a l  Values 
The func t ion  pRm(x) has  (A?-m) ze ro  c r o s s i n g s  on t h e  
i n t e r v a l  (-1, 1). ,Its p r o p e r t i e s  i nc lude  t h e  fol lowing:  
SYMMETRY 
Axmp'tb't'i'c Values 
Le t  1 6 l > > - > > -  E TT and 0 < E - < 0 - < - E l  
and d e f i n e  
Then 
and 
I 
Pe (cos  8 )  2 1 s i n  4 - c t n  8 c n s  4 
Upper Bounds 
Table 3 g ives  t h e  l e a s t  upper bounds (LUBVs$ f e r  
t h e  unnormalized a s s o c i a t e d  Legendre func t ions  up t o  F 10 10 ex; . 
The va lues  w e r e  t aken  from Figures  1 through 12. Empirically, 
UP to PI0 lo (x) it i s  found t h a t  
A n a l y t i c a l  r e l a t i o n s  a r e  

Recurrence Relat ions 
The argument x is understood i n  the  following recur- 
rence r e l a t i o n s ,  which have been taken from [Magnus and 
Oberhett inger , 19491  and [Emde and Jahnke , 19451 . R e s t r i c -  
t i o n s  on m .may a r i s e  due t o  t h e  convention on page 1. 

Recurrence Re la t ions  f o r  S o l i d  S p h e r i c a l  Harmonics 
The i n f i n i t e  series 
with  
i s  a s o l u t i o n  of  Laplace ' s  equa t ion  i n  s p h e r i c a l  polar 
m rn 
coord ina tes .  The func t ions  Ux and V1 a r e  c a l l e d  solid 
s p h e r i c a l  harmonics. These have t h e  fo l lowing  u s e f u l  
recur rence  p r o p e r t i e s  [DeWitt, 19621 : 
m - l m 1 + m  rn 
r (1-m+l) ( 2 1 + l )  cose u1 - -r 
m - 
 
1 m R+m (21+l )  cose U1 - - Ma Ve+l  r ( ~ - m + l )  r U ~ - ~  
where 
Defining 7 as t h e  g rad ien t  operator, then  
where 
Recurrence relations on u ( r ,  e ,$) may be found x r  
CJmes, 1969 3 . 
L e t  a  be t h e  a n g l e  between t w o  p o i n t s  w i t h  s p h e r i c a l  polar  
c o o r d i n a t e s  ( 8 ,  4 )  and ( e l ,  4'). 
m= 0 ADDITION 
m m THEOMF4 
xpe ( cos  e )  Pe (COS 0 ' )  c o s  m(4-el) 
S h o r t  Table  o f  I n t e q r a l s  
m m 2 (e+m) 1 Pe x Pet  (x)  dx = - 2e+r  ( L - ~ I  ! el ORTHOGONALITY Z N T E G Z ~ ~ E  f4 
T -  ( -1  (2a-Zy) ! and 
a'y 2ay! (a -y )  ! ( a - ~ - 2 ~ )  ! 
and . [b] E g r e a t e s t  i n t e g e r  i n  b 
x a ( l ,  i, n, j )  = 0 [if ( L + n )  - (i+j) = odd] 
[if (i+j) = even and (L+n)  = even] 
X 
2 
s i n 2 P ( e )  cos ( 0 )  dB [ i f  ( i + j )  = o d d a n d  ( l + n ;  =?ddl 
[if ( i + j )  = odd and ( L + n )  = 
w m d p M  ( c o s e )  2  
s i n e  dB = 2 n ( n + l )  - (n+m) 1 de 2 n + 1  (n-m)! 
2 
s i n e  dB = 
Other i n t e g r a l s  involv ing  t h e  a s s o c i a t e d  Legendre 
func t ions  may be found i n  [Bateman, 19531, i n  [Gradshteyn 
and Ryzhik, 19651, and i n  [Magnus and ~ b e r h e t t i n g e r ,  19493 , 
The r e f e rences  abbrev ia ted  bes ide  t h e  formulas 
l i s t e d  above a re :  
MO: [Magnus and Oberhe t t inger ,  19491 
SL: [Levie, 19711 
HK: [Higgens and Kopal, 19681 
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